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Abstract — Third order cnoidal wave solutions in shallow
water are developed where waves progress steadilyitiout
any change of form. Shallow water wave problems arsolved
at the bottom and at the free surface. The boundary
conditions are also taken from Navier-Stokes equain of
motion. Using these boundary conditions, three noimlear
ordinary differential equations are derived which @an be
solved using series expansion method. Taking Jacodlliptic
function, third order cnoidal wave solutions have ken
established from which wave elevation, horizontal ewve
velocity and acceleration due to gravity for cnoidhwave are
expressed. Assuming Taylor expansion for the stream
function about the bed, the fluid velocity componets are
derived in terms of Jacobi elliptic function.

Keywords — Navier-Stokes Equation, Jacobi Elliptic
Function, Cnoidal Wave, Elliptic Parameter, Velocity
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|. INTRODUCTION

In recent years, the capabilities for calculatihgliow

water wave problems have advanced a great deal. T?‘@

computation of higher order cnoidal wave solutidos
steady, incompressible flow is an important aspect
coastal engineering. Several higher order appratns
to irrotational water waves of constant form happeared
in recent years, often based on Fourier serieswimetre
convergence is slow, if at all, for shallow wat&hese
solutions are often numerical and of an
formulation, and are generally of such higher ortleat it
is difficult to obtain expressions for physical gtiies as
functions of position for practical use. The prda&an of
results has been limited to tables of integral tjtias for
a range of wave lengths and heights. However, th

numerically exact solutions for the first time Scte
[20] and Cokelet [5]. A survey and comparison oé t
methods is given Cokelet [5].

Fenton [6] presented a fifth order cnoidal waveotle
where boundary condition comes from Bernoull’

h

requiring the presentation of many coefficients a
unattractive floating point numbers and also gpwer
results for fluid velocities under high waves. Hogr, in

a later work, Fenton [7] showed that instead ofdflu
velocities being expressed as expansions in waighthe
the original spirit of cnoidal theory were retaine@noidal
theory obtained its name in 1895 when Korteweg dad_
Vries [14] obtained their eponymous equation foe th
propagation of waves over a flat bed. The cnoidalt®n
shows the familiar long flat troughs and narrowstseof
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methods have achieved real success in obtaini 5‘

S
equation which was both apparently complicatedN
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real wave in shallow water. Higher order solutioofs
cnoidal waves have been derived by Laitone [15]p wh
provided a number of results, re-casting the sémi¢srms

of the wave height/depth. Tsuchiya and Yasuda [21]
obtained a third order solution with the introdoatiof
another definition of wave celerity based on asdionp
concerning the Bernoulli constant. Nishimura et[46]
devised procedures for generating higher orderitbsdor
both Stokes and cnoidal theories, making extenssesof
recurrence relations. Nishimura et al. [17] corgihuhe
work of Nishimura et al. [16] and presented a @oifview

of Stokes and cnoidal theories. Karabut [12] soleed
ordinary quadratic nonlinear differential differenc
equation of the first order containing an unknowndtion
under certain conditions. Halasz [10] discussedigher
order corrections for shallow water solitary wav@ben et
al. [4] studied the cnoidal wave solutions of the
Boussinesq systems in two different techniquesguiie
Jacobi elliptic function series. Carter et al [jalissed the
kinematics and stability of solitary and cnoidal wea
utions of the Serre equations which are a péir o
strongly nonlinear, weakly, dispersive, Boussinégoe
partial differential equations. They [3] also délsed the
model of the surface elevation and the depth aeerag
horizontal velocity of an inviscid, irrotational,
incompressible shallow water. Jain et al. [11)\c=t
coupled evolution equations for first and secondeor
otentials using reductive perturbation method with
appropriate boundary conditions. Oh and Watanalgé [1
obtained the second order solution by taking irtcoant
the unstable and dissipative effects based on adano
wave solution to the KdV equation. Xu et al. [22]
glculated the cnoidal function in cnoidal wave otlye
sed on the precise integration method and atsdadad

a trigonometric function approximation for the chali
function. Parvin et al. [19] derived first and sedoorder
cnoidal wave solutions using Jacobi elliptic fuoati
Khater et al. [13] used a suitable ansatz and Jatiitic
function expansion method to construct new exaotdzi
ave solutions of the modified fifth order KdV edjoa
énd generalized fifth order KdV equation which linted

as special cases, some well known equations. Bu (]
applied Jacobi elliptic function in Jacobi ellipfignction
expansion method to construct the exact periodigisns

of nonlinear wave equations. In this paper, shaleater
wave problems have been solved using boundary

conditions, at the bottomY =0 and at the free
surfaceY =/7(X). Also the boundary conditions from
Navier-Stokes equation of motion generate thirdeord

Copyright © 2016 1JISM, All right reserved
164



International Journal of Innovation in Science andMathematics

lJlSM Volume 4, Issue 5, ISSN (Online): 2347-9051

Source of Knowledge

cnoidal wave solutions. Then horizontal and veltfttad U U 92U 92U
velocity components have been established in tesfns U ——+V— =U[ >t 2]0” free
Jacobi elliptic function. oX oy 0X oy
surfaceY =7(X) ,pressurgp =0, (3)
II. MATHEMATICAL FORMULATION and
Consider th hown in figure-1, with &2 +v Y =guef OV OV 4)
onsider the wave as shown in figure-1, wi ax Y axZ ay?

stationary frame of referen¢, y), Xin the direction of
propagation of the waves any vertically upwards with
the origin on the flat bed. The waves travel in tKe

We assume a Taylor expansion {fr about the bed of
the following form

. . . . . ., d d _Y®d® v°d®
direction at speedrelative to this frame. Consider also a#(X,Y)= —(SlnYajf(X) ={-Y&+§dxa T axs } £(x)
frame of reference(X,Y) moving with the waves at (5)

velocityC, such thaXk = X +cCt, where tis time
andy =Y. The fluid velocity in the (X, Y)frame is

(u,v) and that in the(X,Y) frame iU,V). The the bed.
velocities are related by =U + ¢ andv =V Now, the velocity components anywhere in the flaid

In the (X,Y) frame, all fluid motion is steady and | _oy =_[COSY&jf'(X)

f
as in Fenton [7], Wheready is the horizontal velocity on

consists of a flow in the negativX direction, roughly of (6)
the magnitude of the wave speed, underneath the . d
=% —lsiny -2 |(x)
stationary wave profile. The mean horizontal fluedocity = _67 =|siny =
in this frame, for a constant value of over one
wavelengthA is denoted byl . It is negative because 7)
the apparent flow is in the X direction. For the From Egs. (3) and (4), we get
convenience of our calculation, the velocitieshis frame d),, d),,
are used to obtain the solutions. (coér’)f *) [coé()f (X)
dX dXx
A ., d, . d
+| | siry— |f'(X) | | sity— |f"(X) |=0
4 dX dXx
H C (8)

and

n Nvan R o L (Y
y h Lo d, d \eryn | =
) ) +((Slﬁfdx)f (X)I(coé(d)()f (X)j =g

Y (9)
Fig. 1. Wave train, showing important dimensiond an At the free surfac¥ =7(X) Egs. (2), (8) and (9)
coordinates. '

become
For irrotational flow, stream function satisfielsaplaces [sinn dj f(X)=Q (10)
3%y 0%y dX
equation o +0Y72 =0 1) d d
The boundary conditions at the bottomh=0 is a ((Cosldxjf (X)I(Cosldxjf (X)j

stream line on whichﬂ(x ,Y) is constant and at the free
N I d),,
surfaceY =77(X)is also a stream line. -{(Slmd)(jf (X)I(Slmdxjf (X)J =0
Ow(X,0 =0 (Taking zero constant) and
w(X.n(X) =-Q 2) nd (1)

where Q is the volume flux underneath the wave train per d d

unit span. The negative sign is for the flow whigin the —((Cos]jf'(X)I(simjf"(X)j

negative X-direction, such that the wave will also dX dX

propagate in the positive X- direction. d d (12)
For two components, Navier-Stokes equation of nmotio +((Sime,(X)I(CO$]Jf”(X)J =g

for steady incompressible flow is dX dX
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Differentiating Eqg. (10) and then substituting thiEue

in Egs. (11) and (12), we have

((cos]d f'(X)I 00371 f"(x)j
ﬂ(ms"dx J (X)I Sim f"(X)j

and

[(cosryiJf'(x )][( simi] o )J

:Z ((cosn )f X )][( cog; dx) £ K 3:_9

(14)

(13)
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V. THIRD ORDER CNOIDAL WAVE SOLUTION

To derive third order cnoidal wave solutions, wede
some values from Parvin et al. [19]

Egs. (10), (13) and (14) are three nonlinear orginaand

differential equations in the unknowns
n(X),

[Il. POWER SERIES SOLUTION

Assuming constant depthy(X)=hand f( X) = U, the
derived equations can be solved using series eipans

method about the state of a uniform critical fldvet the +Y2F1"—1 Fl _}Ylpliv L1 FY +FF,)
scaled horizontal variable be 6 2 120
1 iv 1 "
X :@,/7 =n.hand f = f.QEgs. (10), (13) and (14) can = FF" +FR+YRF-SH *+9,=0
a

be rewritten in terms of these dimensionless qgtiasti

(smr]ad)f 6)-1= Oas% 1 (1%)

((cos;ad—g L’(@I cos;a— f*”(@j
_a¥
adg((cosq,a f(@l smr],a f(@j

(16)
and

dn. A A
T [(cosr],a dﬁj f. (6’))[(009],51 da}f* (9)]

i[(cosr] a%]f (9))[(sin/7‘a%] f:'(e)j =g

asa—l2 = 1andg—r; =0.
17)
Using a? as the expansion parameter,
expansions are in the following
N .
n. :l+Za'2‘Yj )] (18)
j=1
N .
f*'=1+Za'ZJFj(9) (19)
j=1
N .
9. =1+ a’yg, (20)
j=1

where N is the order of solution required.

f'(X)andg. These ordinary differential
equations can be solved using power series method.

F,+Y,=0
Fr=0 (21)
F'+g,=0
1
F2+Y2—F12—6F1":0
FIII
FF+F —2=0 (22)
2
1 _.
an_Fllz_gFlw"'gz:O
1., 1 1
Y; +Y,F, +Y,F,+F, - =F/-=Y,F'+—F" =0
3 21 1" 2 3 6 2 2 11 120 1
1 1, , 1

Fs -V R~ 5 '+ ﬂ- F'+FF - 5 F.F"+ FF,

- % FF'-YF'=0

FY, +FY, —% FY +FREY +F +YF)

(23)

Using the series expansions (18), (19) and (20) and

takingo(as), Egs. (15), (16) and (17) can be written as

az(Y1+ F1)+a4(Y2 +tFY, +F, —éFl"j

Y, +Y,F +Y,F, + F, —EFZ"
vat 1 1 °
- Y F+ ——F"
2 120
F,+FY, +FY, +Y,F, +Y, - %YZ F'
+a’ _%leFln_ %Ylen_%F;"'%inv =0
1 i 1
+ 7Y F v F vi
24 ' 5040
the series 1 (24)
aE+d’ F1F1’+F;—E F
F-YE- R F+FF,
o 2° 24
Leemer-Ltepve
2 11 12 2 1 11
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F, -Y,F=Y,F+ FFR+ F,F+ F,F- FY,F- FY,F
1| REH RN FF - SFE
I O e v
+2—14(4Y1 R+ F+RFE+FFY) —io F' - YY.F
—Y5F;+% VB - YF'-FRY,
(25)
and

a R+ at (F1Y1'+ Y, R+ Fg—% Filv +F Hj

FY - FY+ RRY+ R+ YR

" | Y F (YR B eP‘r)

NS R +FF, +Y,FF+ FF,-
120

" 2

RY/-YYE+ ERY+ RREY+ REY
FY+ FFY+ FEY.
2+F1Y3’+F21Y21_1 21' 1’11 11
2\ +RY,
o R E YR R
1 iv v v 1 i i
—g(svzﬁ 3R+ %)+H)(5Y1F; +F)
+a® =0
5040
l iv iv l Vi 4
_6(3Y1F1F1 +RF )+%F1F1 +Y1|:'1F2
+F, FZ”—% F'F,+FF,
_%(% ':1"2 + 2F1"F2"—% F;Fivj
=-(1+a%g, +a’g, +a°g,+a’g,)
(26)

Equating the coefficients ofr® fom Egs. (24), (25)
and (26), we have

F,+ Y, +FY, +Y,F +Y, - %Yz Fl”_%le F1"
_EY]-FZH_EF?’" LFIV iYFIV
2 6 120 24
- 1 1' =0
504(
(27)
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F, - Y,F' =Y F'+ FF +F,F, + FF - FY,F"

Fl F21"+ F2 Fll"+ F1'F2' — 1 F1'F11"+ Fllell

1
~FY,F'-=
1°1°1 2

0

+Y2F"F"

1
720

~YY/F-Y,F + %YI'FI“’ -YF/'-FFY/ =0

(28)

1 v \Y v n—iv vii
+Z1(4Y1F1 +F+RF HEFY) - F

and
FY, =YY, F"+FFY,+F,FEY/ +FFY, +FY, +F)Y,

( FX+FFEY + FRY +EY))+—FY, + F+Y,F
+Y2F2"+Y1F;—f(3Y2F;V +3YF +F)
1
5YFVI VI " " n
20( ) 1

1 iv iv 1 vi [ "
_E(3Y1F1F1 +FF, )+E)F1F1 +Y,FF, +F,F,

1

EFIVF +F’F 2[3YF"2+2F'F" F].,Flivj:_gél

(29)
From Eqgs. (27), (28) and (29), we have

1 iv " 1 iv 1 e ' "
§F3 -FiFS-CF |=2—§|:1122—2|:22—|:2|=2

FF) 1 FFY —3—10 Y+ F 2 + L EIRY
i F viii

84C

+1F FIV +£F FVI

=0
2 12C * 9

(30)
According to the Parvin et al. [19], the solutiofw

F, and F, in terms ofcn? (6/m) are
F, = -5merf (9/m)
and

FZ

(31)

= % (10192 - 55927m + 55927m?)

209

1838
+ +——m?cn
15

m(1-2m)cn?(6/m) “(9/m)

(32)
Now, assumingF; in terms of Jacobi elliptic function as
Fenton [6], we have
F, =b,cn?(6/m)+b,cn?(6/m) +b,cn®(6/m)
(33)
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[30, (L~ 2m+ m?)-b, (1-3m+ 2m? | 9191 ) (a- 2m)(10192- 55927+ 55921 )
- 1-3m 675
45, (1— 2m+m2)_30b{ 2] , 1 (18732896~ 222233392+ 83995473 or? (6/m)
* +2m” ) len® (6/m) © 675| -12354426287 + 617721311
+b,(2-17m+17m?
- 1 ) A m(1-2n)(6955636- 3717684+ 37176844) ch(g/ i
~1950, (1-3m+ 2m?) w71
OFY =8 +| +b,(32-212m+212m? ) |en* (6/m) il (12959624~ 5618611+ 5618610%) cfi (6/ h
,+15b1m(1_ 2m) 60432]9 m® (1-2m) crf (6/ n)- 43681 ci?(6/ h
 [b:(162-1017m+1017m? )} o/m) i ]
| +1300,m(1- 2m) +150,m? i159(1 ) (1- 2m)- L (- rﬁ[si;; 51:2585"} ¢h (6 )
+105m[5b3(1 2m)+b,m|cn® (6/m) L "
| +3780,m?cn'® (6/m) ] 140 +E(l_ 2m) (3676~ 26488+ 26488 ) cri (6 )
(34) L1
— m(5348- 243180+ 243187 cfi (4
Substituting these values in Eq. (30), we have 15m( ) (@
[ab, (- 2m+ m2) -1 (1 3m+ 22| + 220 (1-2m) ot (6 r)+ 200 for' (6 m)
[ 450,(1- 2m+m?)-30b, (1-3m+ 2m? ) )
+ 5, /) , 4 )}cnz(e/m) 4i5(1—m)(1838— 9238+ 92387)
| +b,(2-17m+17n7) A
198, (1-3m+ 27 - Bt (6 ) ~ 45 (1~ 2m)(1838- 25028+ 250281) f (¢ 1y
g| +| +b,(32-212m+ 21212) |cn* 6/ m) %m(23817— 12160m+ 121608 ) cff (6/ )
3 _+15blm(1— 2m) -24247" (1= 2m) cif (6/ m)- 14631 ch(g/ i
+_b3(162'1017'“+10”“2)}cn6(e/m) [(1-m)(1- 2m) (1838~ 250280 25026h) 1
) f s S
+108m{Bh, (L~ 2m) + b,mlerf(6/m) 16 ’

— m| -m(1-2n)(196050- 1866006+ 1866008) ch(¢/ i

| +378,mient*(6/m) - o -10n7 (121989~ 606458+ 606458) cfi(¢/
2, (1- m)+[12t¥(1_ m - 4p( T 2”)'] ch(6/ i -2198700n° ( + ) ¢l (6/ m)- 1185036 clt(6/
+smerf (6/ m)| +[30b(1- M- 16p(+ 2~ 6bh éf6/ m | ]
+[ =360, (1- 2m) - 20y m| cfi(6/ M- 42b mér(g/ (1-m)” - 4(1- 3m+ 2nf) cfi(6/ M
_ 1 (10192- 865081+ 244092 | -500mPcrf (6 m)| +2( 2- 11m 11rh) ch(g/ i
675[‘279635"3 + 1118541 } +12m(1- 2m) off (6/ n)+ 9t ch(g/

. 1 (20384- 312686+ 137372if
675\ -2122078n* + 10610381

]cnz (6/m) (1-m)* (1~ 2m)~(1- m)( 4- 25m 25rh) ch(6/

+4(1- 2m)(1- 13n+ 13F) ch (6
+Dn +im(1—2m)(13868r 87806+ 878081) ch(6/ _140 | #4( J ) ch(@
3 | 45 3 | +6m(6-31m+ 31ni) cfi(g/ )
2 2
+T";(19508r 8843%1+ 8843% ) crf (6/ ) +75m°” (1- 2m) cif (6/ nj+ 45m ch(6/ i
2‘;65 ° (1-2m) it (6/ m+2091h c(8/

—so0n? crf (6] n)_—(l—3n+ ant)+( 2- 17m+ 17m) ch(8)
7 | +15m(1- 2m) ot (¢/ m)+ 15 ch(6/ i
[2(2-19m+ 341? - 17n1)

‘ 183§ 1- Bn+ 81 — 41 cri(8/ h
_16m* | ~2(1- 2m)(919- 706en+ 70667 ) cfi(¢/ M

55, -8(1- 2m)(1- 31+ 31t) A (8 M
27 | -2m(4303- 19098+ 190967 ) cfi (8 et (@ ~252m(1- am+ 6n) cf (6/ )
-10530n° (& 2n) crf (6/ m)- 3762m cii(6/ | -840m? (1~ 2m) crf (8/ n)- 630 ch(g/ i
gaa56] +m)( + 2 cit (6/ ) [(1-m) (1~ 33m+ 9anf - 62ni) 1
~(1-2m)(84456% 4530670+ 4530670) cr (6/ ) ~(2-25am+ 164nf - 27641+ 138a1) cA(8/ H
—%zsmz —m(1996987— 8381077 83810?‘?1) ch(g/ h +]2;‘:5Lm —5m(51— 73am+ 19081 — 1272[-’1) ch(g/ h + g=

1545558 (= ) crf (9] ) st (7- 37 3m) o (6] )
-393129°crt” (6/ n) —a7250 (1 ) i (6] r)- 2835 cii(g/

(35)
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Now equating the coefficients of like powercrﬁ2 (B/m)

from Eq. (35), we obtain the valueslpfb, andb,, i. e, F/=1- Smaren(6/m)

%(10192 - 55927m + 55927m?)

b=~ (2274828166 1282861191m +1282861191m° Jm
403987! 1838
(36) +ati+ 25 m(1- 2m)cn?(6/m)
8675541
b, =- ——— Im*(1-2m 209 2ene
2 ( 26932553 (1-2m) * s men'(e/m)
37) ‘_ 1 2274828166 —12828611911m (9 )'
and 4039875 | +12828611911m’ en*{g/m
376921 o _ (86755418 ,. 4
& =_[ 897751jm3 e ( 269325 ]m (1= 2mlen’ (6/m)
(38) _(3769211) e s (6/m)
Substituting the valuds b, andb,in Eqg. (33), we get 89775
1 2274828166-1282861191m) (42)
Fs = T 4039875 +1282861191m?2 cn’(6/m) Also, from Parvin et al. [19], Eq. (22) can be vait

— _16 2 2 _ _40 4 _ _
_(8675541%2(1_2m)0n4(9/m)_(3769211jm36n6(9/m) g =1 =4 (m m+1) 39 m(1-2m)1-m)

269325 89775 64
- oacmiL- m)(20-17am+17am?)
(39) (43)
From Eq. (23), the value ofj is Egs. (41), (42) and (43) are the third order crloigave
1793 solutions i.e. which express wave elevation, fuonial
3= 1385 m(L-m){1~2m) wave velocity and acceleration due to gravity fooidal
ave.
1 1557525916-9086341036m) wav
+————m , cn?(8/m)
4039875 | +9086341036m V. RESULTS AND DISCUSSION
_ 24954607 ., 4 7739261 , o _ _
269325 (L-2mjen*(6/m)+ go775 M N (6/m) In Egs. (41), (42) and (43) we have obtained tfieel th
(40) order_cr1_0|dal wave soluyon.s. These solutions _htaped
Substituting these value in Egs. (18) and (19)phi@in for elliptic parameter which is less than one (assg.ﬁ\"/e
1 , numbers say 0.1, 0.2, 0.3, 0.4 and 0.5) and Jaliiic
ﬁ(10192‘54802m+54802m ) function which tends to one. In Egs. (41), (42) 44d)

taking expansion parameter as positive and negatick

1~ 2mJen” (6/m) so on, it is noted that y1, y2, y3, y4 and y5 astitson

n. =1+5ma2cn?(/m)-a* +%m(

_Lﬂmzan(g/m) curves of Egs. (41), (42) and (43) shown in Figl.2n

15 Fig. 2-7, we observe that the variations of elipti
@m(l_ m)(L- 2m) parameter (m=0.1, 0.2, 0.3, 0.4 and 0.5) causefisigmt
135 changes in the third order cnoidal wave solutiolmsFigs.
e +m (155078562;?11063_52286341036m]°"2(g/m) 2 and 3, i'F is mentio_ned that th_e first two curvesf _thi_rd
order cnoidal wave increase with the increasedlliptie
- 2‘2‘223227 m?(L- 2m)en* (6/m) + 7;3?5561m3cn5(6/m) parameter and the last three curves of third ocdeidal

wave decrease with the increases of elliptic patamén
Figs. 4 and 5, the first two curves of third ordewoidal
wave decrease with the increases of elliptic patarand
the last three curves of third order cnoidal waveréase
with the increases of elliptic parameter. In Fi§sand 7,
the first curve of third order cnoidal wave decesagiith
the increases of elliptic parameter and the last éurves
firstly decrease and finally increase rapidly withe
increases of elliptic parameter.

(41)
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VI. VELOCITY COMPONENTS [ 22192-82619n + 821461 1
8 | _11054n® + 8527m* - 900am°
To derive velocity components in fluid, Taylor 253128 | ooan®
expansion for the stream function is assumed. Tien
Eq. (6), we obtain for dimensionless form, 2050270966
considetX =hX,,Y=hY,, f'= Qf*', . —-1180481781m
" 50498437 +1175095281m? |cn*(aX. /m)
v - —Q*(cosY* d ] f.(X.) +71843940fn°
% dX. +21546000n*
, __2m® (38374249-81751958) (ax./m)
FI(X.) - 1[Yj £7X.) 33665623 ~ 5003460n” ’
=—( = 2\h 3769211 ,
* 1(vY* _ & "112zagr o @X-/m)
+ = D] X)) e, - -
24( hj 42 (619-1538m-300m? Jm{1- m)
(44) " j 1238-7433n+
Hence from Eq. (43) and neglecting higher ordemtexe _i(ijz —ﬁ[7433n+1200“3Jm0r\2(0X~/m)
get 10( h
1 8 - 215 (97- 22.4m - 20m? Jm?en* (ax. /m)
g*2=1+—5(m2—m+1) 836
15 " mcn®(aX. /m)
+ 2 52(8-11m+9m? - 6m* +8m*) it~ m)(L- 2m)
75 ! [Yj“ - ml2 -17m+17m? Jen? (aX. /m)
L 32 5 40 - 55m -133m? + 336m? 75\ h) | -15m* (1~ 2m)en* (aX. /m)
D _ 3.6
3375 | -158m* - 30m° +40m° i [-15men®(ax. /m) ]

45
Hn (45)

Since X = hX, ==, then Eq. (42), by differentiating
a

in four times and substituting these necessaryegaiiu
Eq.(44) , we have

-1+ 5{%(# -m+1)- mcnz(ax,/m)}

4 5[17392— 65827+ 64027m2J

16875 —5400° +720an"
u __ +%25 m(619-1538m-300m e’ (aX. /m)
g 2
A tON 4209 oo (@x./m)
375

, [~2m(1-m)
+4m(1- 2m)er? (aX. /m)
+6meen’ (aX. /m)
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= Za{\ﬂcn(ax* /m)sr(@X. /m)dn(aX. /m)

r 1 (1]
2 {619-1538m-300m2) 2
1125

an-o? +4—18m2cn2(ax*/m)

375 Gl
2 3
- i(i {4m(l— 2m)+12m%cn?(aX. / m)}
30 h
(4]
(5]
2050270966-1180481781Im
6
— M| +1175095281m° + 7184394000° 1
50498437 7
+215460006n* [7]
4y 38374249-8175195&1) (8l
e cn?(aX. /m)
33665625% —5003460n°
+0° +@1m3cn“(ax* /m) 9]
3740625
r il 10
M (1 53874330+ 7433n+12001°) 1ol
1125
2
_i(i +§(97—214m—20m2)m20n2(ax*/m) [11]
30 h 25
+ 838 sent (@X./m)
25 _ [12]
[ml2-17m+1707?)
+3i75[%j +30m? (1- 2mjcn?(@X. /m) [13]
+45men’ (aX. /m)

To obtain the vertical component of fluid velocitye [14]

can use the -equation that the fluid motion is
incompressible,
a_U + a_V =0 [15]
Y% b u
0 5 :—IR T dy. (46) [17]
% W%
(18]
VIl. CONCLUSION
Cnoidal wave theory is useful for studying wave iomwt [19]
in shallow water. Here, third order cnoidal wavéusons
are formulated using boundary conditions at thedbot
and at the free surface. Also the boundary conttiare 20]

used from Navier-Stokes equation of motion. Thésinta
Jacobi elliptic function, third order cnoidal waselutions
have been derived. Finally, the horizontal and ieakt [21]
fluid velocity components are established using Idray

expansion for the stream function about the bed. [22]
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